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Small Filters Based on Slotted Cylindrical-Ring
Resonators

Reza F. Mostafavi, Dariush Mirshekar-Syahkal, Senior Member, IEEE, and Y. C. Mark Lim

Abstract—The realization of a small four-pole Chebyshev
filter, using four matched slotted cylindrical-ring resonators,
is explained. This filter, which does not need screws for tuning
the resonators or couplings, is low-cost to manufacture and is
suitable for mobile communications. The filter has a bandwidth of
75 MHz, centered at 1.73 GHz. To obtain the resonant frequency
and -factor of the resonators as well as the coupling distances
between the resonators, a new technique, the quasi-magneto-static
finite-difference method, is used, which is also reported.

Index Terms—Chebyshev filter, electromagnetic coupling, finite-
difference technique, mobile communications, -factor, resonant
frequency, slotted cylindrical ring resonator.

I. INTRODUCTION

FOR ITS uniform field and high magnetic energy density
within the resonator, the slotted cylindrical-ring resonator

(SCR), otherwise known as the loop-gap resonator, has been
used as a sample holder in nuclear magnetic resonance (NMR)
measurement and electron spin resonance (ESR) spectroscopy
at microwave frequencies [1], [2]. The SCR resonator has a
compact structure, capable of providing medium to high-fac-
tors; i.e., 2000–5000. Larger-factors can be achieved at the
expense of the size. Assuming that the SCR resonator is the
wrapped-around center conductor of the combline resonator, the

per unit volume of the former is believed to be larger than that
of the latter (since for the samethe SCR resonator should re-
quire less enclosure volume). The SCR resonator can also offer
a large frequency separation between the resonant frequencies
of the fundamental and the higher order modes. In view of the
stated advantages, the SCR resonator seems to be a promising
element for developing high-performance small filters for mo-
bile communications.

The structure of the resonator is shown in Fig. 1(a). It is a
hollow conductor cylindrical ring with a slot along its length.
In practice, there is normally a cylindrical or rectangular con-
ductor enclosure around the resonator. In the SCR resonator, the
ring is equivalent to the inductor, and the slot is equivalent to
the capacitor. When the length and diameter of the ring are se-
lected appropriately and are much smaller than the wavelength
at the operating frequency, the fundamental resonance and the
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Fig. 1. (a) Slotted cylindrical ring resonator asymmetrically located
within a cylindrical shield. (b) The front view of a cylindrical ring within a
cylindrical shield. (c) The boundary conditions for solving (b). (d) Two coaxial
(longitudinal) coupled SCR resonators within a cylindrical shield.

first higher order resonance are largely separated in frequency.
In a later section, this fact is shown for an SCR resonator and
the result is compared with that for an equivalent combline res-
onator. The large frequency separation would lead to large spu-
rious-free out-of-band response for a filter using the SCR res-
onator.

The design of a filter based on the SCR resonator requires
a good knowledge of the resonant frequency and the-factor
of the resonator as well as the coupling coefficients between
two SCR resonators. The literature reveals that there is very lim-
ited information on the characteristics of single or coupled SCR
resonators [1]–[5]. Especially for the coupled SCR resonators,
there are only two sets of experimental coupling coefficients,
which are for resonators with some specific dimensions [3], [5].

Very recently, based on the scalar magnetic potential and
the finite-difference technique, we have developed a fast,
accurate quasi-magneto-static finite-difference (QMSFD)
technique for the analysis of the SCR resonator symmetrically
enclosed within a cylindrical conductor shield [6]. It offers
several advantages over the previous approximate closed-form
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expressions reported in [1]–[4] for the calculation of the
inductance ( ), capacitance (), resonant frequency (), and

-factor ( ) of the SCR resonator. By replacing the scalar
magnetic potential with the stream function, we have extended
the QMSFD technique for resonators, which are coaxial with
the cylindrical enclosure, but asymmetrical with respect to the
top and bottom wall of the shield [see Fig. 1(a)]. Also, in the
modified technique, the top or bottom wall of the enclosure
is allowed to be electric or magnetic, which has applications
in the computation of the coupling coefficients. Details of the
technique, applicable to coupled SCR resonators, are reported
in [7].

This paper commences with an overview of the new QMSFD
technique. Using this technique, a set of results on, , , ,
and (coupling coefficient) are presented. Then the design of
a very compact four-pole Chebyshev filter with 75-MHz band-
width and 1.73-GHz center frequency is explained. The filter
has only two tuning screws for adjusting its externalat the
input and output. This supports the good accuracy of the new
technique in predicting the resonant frequency and coupling co-
efficients as well as the low sensitivity of the filter structure to
inevitable small manufacturing errors.

II. A NALYSIS TECHNIQUE

The SCR resonator is shown in Fig. 1(a). The dimensions of
the resonator are normally much less than the wavelength at
the fundamental resonant frequency and, since the gap of the
slot is small, the resonator inductance can be computed by as-
suming that the slot is completely closed. Therefore, consid-
ering the inevitable shield, the structure whose inductance is to
be sought is a cylindrical ring enclosed coaxially within a con-
ductor cylinder. As shown in Fig. 1(b), the structure is rotation-
ally symmetric, but it is not required to be axially symmetric.

As explained in our previous paper [6], when the cylindrical
ring is symmetrically placed within the shield and the shield
walls are all electric, the use of the scalar magnetic potential
leads to an efficient computation of the magnetic field within
the resonator. However, that solution becomes complex for the
problem in Fig. 1(b). For the new problem, the complexity is
removed by switching to the stream function,, from which
the field lines can be generated. Assuming the cylindrical co-
ordinate system, is related to the magnetic field components
produced by current over the ring as follows:

(1a)

(1b)

where , due to the angular symmetry of the structure, is inde-
pendent of (the angle in the cylindrical coordinate system). It
is not difficult to show that satisfies the following differential
equation:

(2)

Since the magnetic field is frequency-dependent, it cannot pen-
etrate the ring and its enclosure, which are assumed to be per-

fect conductors. Therefore, each of these boundaries is tangent
to a set of magnetic field lines. As a result,in (2) has con-
stant values at the ring and its enclosure. The boundary con-
dition along the axis is obtained from the fact that
at . Using (1a), this leads to or con-
stant at . This condition is also correct as the axis meets
the top or bottom of the enclosure. Therefore,on the enclo-
sure and along the axis must have the same constant values. The
boundary conditions for obtaining the even- and odd-mode in-
ductances are shown in Fig. 1(c). Due to the angular symmetry,
only half of the cross section is considered in the solution of (2).

The differential equation in (2) can be solved using the
five-point finite-difference method. This technique is straight-
forward and can be found, for example, in [6] and [8]. However,
care should be exercised when implementing the boundary
conditions in the computing process [8].

The solution of (2) leads to the determination offrom (1).
Then, the stored magnetic energy [

where is the volume surrounding the ring] and the dissipated
power [ where is the surface resis-

tance and is the resonator surfaces] within the resonator, the
total current flowing on the ring ( where is the
closed path tangent to the ring), and subsequently, the induc-
tance ( ), and the normalized -factor of the induc-
tance [ where ], can be computed.

In conjunction with , the slot capacitance is required in
order to compute the resonant frequency of the SCR resonator.
An expression for , based on the conformal mapping technique
reported in [4], has already been modified by the authors [6],
which is used in this work. The modified expression takes into
account the fringing fields at the ends of the resonators. Error
in the computation of can arise if one of the resonator ends
is very close to the top or bottom walls. This is not, however, of
a concern, since this condition is not normally encountered in
practice.

The coupling coefficient between two coaxial identical
SCR resonators (i.e., two longitudinally coupled SCR res-
onators) [see Fig. 1(d)] can be obtained from the expression

(3)

where and are the odd- and even-mode resonant fre-
quencies [9]. Corresponding to these frequencies, capacitances
and inductances are and , and and , respectively.
However, as long as the two resonators are sufficiently apart,

. As a result, (3) reduces to

(4)

The even- or odd-mode inductance of the structure in Fig. 1(d)
can be evaluated by considering one of the rings while the sym-
metry plane between the two resonators is replaced by the mag-
netic or electric wall, respectively [see Fig. 1(c)]. In other words,
the coupled resonator problem is reduced to a single resonator
problem with appropriate boundary conditions [see Fig. 1(c)],
whose solution has already been elucidated earlier in this sec-
tion.
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Fig. 2. (a) Lines of constant stream function and scalar magnetic potential
function [6]. (b) Pictorial representation of the intensity ofH for an SCR
resonator;w = 4 mm, r = 4:5 mm, l = 5 mm, d = 0:26 mm, and
the enclosure walls are sufficiently away from the resonators.

III. RESULTS FORSINGLE AND COUPLEDRESONATORS

Using the new QMSFD technique reported in the preceding
section, various single and coupled SCR resonators were ana-
lyzed. Some results, mainly for the resonators in the filter ex-
plained in the next section, are presented in this paper.

Fig. 2(a) shows a set of lines of constant stream function and
scalar magnetic potential function for an SCR resonator with

mm, mm, mm, and mm.
As expected, they are orthogonal, supporting the accuracy of the
new technique based on the stream function, and our previous
technique based on the scalar magnetic potential function [6].
For the same resonator, the magnetic field componentis
presented in Fig. 2(b). From this figure and Fig. 2(a), it can be
inferred that within the resonator dominates and has uniform
distribution, whereas near the ends of the resonator,is much
stronger than .

In Fig. 3, , , and are presented for the resonator when
three out of its four dimensions are fixed at the original values
and the fourth one is varied. As expected,changes signifi-
cantly with , , and [see Fig. 3(a)]. The small change of
with is more interesting and is merely due to the dependence
of the fringing field on . From Fig. 3(b), it appears that is
not very sensitive to changes in, but it increases with and
decreases with. In Fig. 3(c), the noteworthy result is the low
sensitivity of to variations in . In this case, and seem to
work against each other. As will be shown later, the information

can be used to design resonators with the same, but of slightly
different .

Table I shows the theoretical and experimental resonant fre-
quencies and -factors for four resonators of different mate-
rials: aluminum, brass, and silver-plated brass. One of these res-
onators (no. 1) is the same as the one specified earlier and, ex-
cept for the gapwidth, it shares the same dimensions with the
other three. From the table (resonators nos. 3 and 4), it can be
inferred that silver plating reduces the resonant frequency (due
to the reduction of the gapwidth), but increases the -factor.
From and of resonators nos. 1 and 2, it is clear that the
increase of , and hence the increase of the resonant frequency
for the same resonator, leads to the enhancement of the-factor.
This interesting effect was supported by the following approxi-
mate expression for the-factor of the SCR resonator:

(5)

where is the conductivity of the resonator conductor. The
derivation of (5) is based on the assumption of uniform magnetic
field inside and virtually no field outside the resonator. Although
it provides a good guide, (5) must be used with extreme caution
and it is only valid for a limited range of resonator dimensions.
Table I also reflects the results from where the measured
resonant frequency has been considered in the calculation.

As seen in Table I, there are some discrepancies between the
measured and theoretical values of the resonant frequencies and
the -factors. For the resonant frequencies, the main reason is
the error in the production of the slot. With normal cheap cut-
ting techniques, at least 10% error in the size of the slot width is
normal and unavoidable. As far as the-factors are concerned,
the -factor of the slot (capacitor) is not considered in the the-
oretical evaluation of the overall for two reasons. It is be-
lieved that the slot is large and its contribution to the overall

should not be very significant, and the expression given in
[1]–[4] for the slot does not seem to yield correct results for
all cases. Finally, some of the differences in the values of the

-factors can be due to possible error in the value of conduc-
tivity used in the computation.

To complete the discussion on the-factor, the approximate
expression for is reexamined. shows that can be en-
hanced by increasing, but it does not depend on the resonator
length. This is verified by the QMSFD method, using two res-
onators of the same frequency, but of differentand . The re-
sults are shown in Table II, where the predictions are supported.
As seen in Table II, only slightly increases with.

To examine the occurrence of the first higher order resonance
for the SCR resonator, the resonator specified earlier was
isolated (i.e., no enclosure was considered in the structure) and
the transmission-line matrix (TLM) technique [10], [11] was
applied. As expected (since the dimensions of the resonator
are much smaller than the wavelength at the fundamental
resonance), the separation between the fundamental and first
higher order mode is large and as shown in Fig. 4, it is about
12 GHz. The resonator is unwrapped and formed into an
equivalent combline resonator with the center conductor of
length mm and with the fundamental
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Fig. 3. Variation of: (a) the capacitance, (b) the inductance, and (c) the resonant frequency with the inner radius (r ), width (w), length (2l), and gapwidth (d)
of the resonator specified in Fig. 2. In these figures, three out of the four parameters are fixed at the original values and the enclosure walls are sufficiently away
from the resonators.

TABLE I
THEORETICAL AND EXPERIMENTAL RESONANT FREQUENCIES ANDQ-FACTORS FORSEVERAL RESONATORSWITH DIFFERENTGAP WIDTHS AND DIFFERENT

MATERIALS; � = 2:41� 10 S/m,� = 6:12� 10 S/m,AND � = 3:43� 10 S/m

resonant frequency the same as that of the SCR resonator (i.e.,
1.690 GHz, see Fig. 4). The TLM simulation showed that the

first higher order mode of this combline resonator is about
5.14 GHz, which is in agreement with [12]. Therefore, a filter
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Fig. 4. The TLM computed fundamental and first higher order resonant frequencies of the SCR resonator specified in Fig. 2. In this simulation, absorbing
boundary conditions are assumed at the enclosure walls.

TABLE II
EFFECTS OF THEINNER RADIUS (r ) AND LENGTH (l) ON THE Q-FACTOR

OF AN SCR RESONATOR

using the SCR resonator is expected to exhibit a much wider
band spurious-free stopband. As seen in Fig. 4, the resonant
frequency of the fundamental mode (1.690 GHz) of the SCR
resonator, predicted by the TLM, is about 3% lower than that
(1.740 GHz) obtained by the QMSFD (see Table I). By a sepa-
rate TLM simulation, it was confirmed that the difference is due
to the shield in the QMSFD analysis, which reduces the stored
magnetic field, thus lowering the inductance and increasing the
resonant frequency. The first higher order resonant frequency
can be simply estimated from the length of the resonator
(longitudinal resonance). This statement is not general, since
for short and wide SCR resonators the higher order resonances
can be due to radial or transverse resonances. Also, as we
found and it will be shown later, in filters with direct-coupled
resonators, the stopband performance is dependent on the
dimensions of the overall enclosure.

The results in Fig. 5 show the computed and measured cou-
pling coefficients versus the distance,, between two coaxially

(longitudinally) coupled SCR resonators [see Fig. 1(d)] with the
dimensions specified earlier. The theoretical results are obtained
using (4). As Fig. 5 shows, the coupling is extremely high when
the distance between the two resonators is very small. The mea-
sured coupling coefficients show lower values than the predicted
ones by as much as 20% for the tight spacing of mm.
This can be attributed to the effect of electric coupling between
the two slots and the nonuniform current distribution over the
slotted cylindrical ring which have been ignored in the theoret-
ical analysis. In fact, we have shown that, for small coupling
distances, the coupling coefficient is strongly dependent on the
orientation of the slots in the coupled resonators [7]. However,
large couplings are not required in the design of narrow-band
filters. As seen in Fig. 5, the measured coupling coefficients ap-
proach the predicted values as the spacing between the two res-
onators increases.

IV. FILTER

The SCR resonator specified in Section III was used to design
a four-pole Chebyshev filter with 1.73-GHz center frequency,
75-MHz bandwidth, 0.1-dB ripple level, and 50-impedance at
terminations. In this case, from [13], the coupling coefficients
were determined to be and

.
The resonators employed in the filter are four matched alu-

minum resonators with extremely small differences in their res-
onant frequencies. For these resonators, the theoretical and mea-
sured resonant frequencies are 1.740 GHz and 1.729 GHz, re-
spectively. As explained before, cutting the slot close to the
0.26-mm gapwidth is difficult and hence the reason for the 0.6%
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Fig. 5. Coupling coefficients versus the separation between the resonators
specified in Fig. 2. The enclosure walls are sufficiently far away from the
resonators.

error between theory and measurement. However, it was found
that manufacturing highly matched SCR resonators is possible
if correct cutting technique and tools are employed.

From Fig. 5, separation distances mm between the
first and second resonators and between the third and the fourth
resonators, and mm between the second and the
third resonators, are required to realize the coupling coefficients.
For this filter, the external -factor is 25.58, which has been
achieved by arranging horseshoe-shaped coupling plates at the
input and output of the filter.

The filter structure is shown in Fig. 6(a) and its wide- and
narrow-band responses in Fig. 6(b) and (c). The interesting fea-
ture of this filter is its independence from tuning screws for
the resonators and couplings between resonators, supporting
the good accuracy of the theoretical technique. The only tuning
screws are at the input and output for adjusting the external.
In this case, no attempt was made to theoretically evaluate the
interaction between the horseshoe coupling mechanism with the
input and output resonators. The filter bandwidth and the center
frequency are correctly realized and its insertion loss is about
1 dB. By silver-plating the resonators, their unloaded-factor
increases from 1300 to about 2300 (Table I), leading to a sub-
stantially lower insertion loss. The length of this compact filter
is about 100 mm.

From the responses in Fig. 6, it can be inferred that there is
some fixed coupling between the input and the output probes.
Also, the wide-band response indicates that the spurious-free
stopband response is about 1 GHz and is not as wide as 12 GHz,
which was predicted in Fig. 4 for the individual resonator. These
two adverse effects are due to the enclosure and are expected
to be alleviated by reducing the size or changing the shape of
the enclosure. The enclosure resonances can be approximately
obtained using the closed-form expressions available in elec-
tromagnetics textbooks for hollow cylindrical cavity resonators.
However, for more accurate prediction of the resonances when
the enclosure is loaded with the resonators, the TLM [11] or sim-
ilar software packages can be used. In this case, the computation
time will be very high due to the large size of the enclosure as
compared to that of the SCR resonator. Research to tackle the
problems is under progress.

Fig. 6. (a) The structure of the filter using four matched SCR resonators
specified in Fig. 2. (b) The narrow-band and (c) wide-band response of the
filter.

V. CONCLUSION

For the theoretical prediction of the inductance, reso-
nant frequency, and -factor of the SCR resonator, a new
quasi-magneto-static technique employing the finite-difference
method was reported. It was shown that this technique can be
used to evaluate the coupling coefficient between two SCR
resonators positioned longitudinally (coaxially). Using a set of
matched aluminum resonators, a fourth-order Chebyshev filter
was designed, fabricated, and tested. This compact filter, which
is about 100-mm long, utilizes resonators with a maximum
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dimension of 17 mm and does not require tuning. The insertion
loss of the filter is about 1 dB, which is expected to improve
substantially when the aluminum resonators are replaced by
silver-plated resonators.
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